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Abstract

In this thesis, we study some fundamental notions associated with black holes to examine the
holographic principle. By stating the holographic principle in the anti-de sitter space we quickly
review anti-de sitter/conformal field theory correspondence (AdS/ CFT). We underline a holo-
graphic model due to the computing DC conductivity. Then, by using AdS/CFT correspondence
we study a non-equilibrium phase transition in the presence of a constant external electric (mag-
netic field). Also, Using AdS/CFT correspondence, the phase transition in a system with a chiral
magnetic effect is studied. We are going to explore the non-equilibrium critical behavior of the
chiral magnetic effect by a holographic probe branes model, i.e. the spinning branes in the presence
of an external magnetic field. We will find that this configuration has a phase transition structure
when the chiral chemical potential changes.
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Chapter 1

Introduction

The holographic principle is one of the astonishing and practical tents
of string theory which has several advantages to studying some funda-
mental aspects of some theories. A good example of this is studying
critical phenomena via a holographic approach. The physics of critical
phenomena plays a crucial role in describing the phase transition of
phenomena like conductivity or superconductivity, especially by criti-
cal exponents. We utilize the holographic principle to study the phase
transition of the electric and magnetic field from probe brane holog-
raphy.

In the recent decade, AdS/CFT correspondence has developed in
different areas of theoretical physics. Even condensed matter physi-
cists use AdS/CFT to study and find a solution for some complected
quantum phase or specific matter like strange metal.

The aim of this research is to take advantage of the anti-de Sitter
/ conformal field theory (AdS/CFT) correspondence as a holographic
approach to study the non-equilibrium steady-state phase transition
from probe brane holography.

The thesis is organized as follows:
Chapter 1 is the introduction and motivation.
In Chapter 2, I will review the notion of entropy, black holes, and the
Holographic principle.
In Chapter 3, I will review AdS/CFT correspondence and some of the
properties of metal, insulators, and superconductors.
In Chapter 4, by a holographic approach compute the conductivity
and study phase transition.

10



Chapter 2

Put Black hole and Entropy
toward Holographic principle

2.1 Conservation of Information
2.1.1 Minus first law of physics!

The majority of physicists believe in the conservation of informa-
tion[1]. We call it as "minus first law of physics,”! because without
conservation of information, the equations of physics are meaningless.
Figure 2.1 is an example of two simple systems to represent the con-
servation of information and the violation of that.
The amount of information that it takes to describe a system is con-
stant in time, and the distinction between systems never disappears.
Actually in practice information does disappear but not in principle.
In other words, every system can be manipulated in such a way that
the information is conserved and traceable. Also, there are some lim-
itations that create the notion of inaccessible or hidden information.
In the next section we going are to quantify the notion of informa-
tion in the context of statistical physics and quantum mechanics.

®® o
Y“od  Ceeed

Figure 2.1: If reduce the information of the system to the label of the previous edge or next edge
by a vertex, on the left every edge has complete information about the system. But on the right,
the information is lost. For instance the stage of A you do not know what the previous edge was
(note that on the right-hand A is a self-loop).

L As coined by Leonard Susskind in his lecture below:https://theoreticalminimum.com/courses/cosmology-and-
black-holes/2011/winter

11
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2.1.2 Entropy and statistical mechanics

The second law of thermodynamics can be stated in various ways [2],
one of them is: "entropy always increases or stays the same.” Based
on some empirical facts, Joules per Kelvin was Carnot unit of entropy,

Searnot = AEJT, (2.1)

where AF is change in the energy and 7T is temperature. But in mod-
ern physics, we think of entropy as being measured in bits. A funda-
mental unit of entropy is the logarithm of 2 and that is dimensionless.
Thus the entropy is hidden bits of information which is,

n
Sstatistical = - sz 10g2 Pi, (22)
i=1
where p; is the probability that the system is in the ¢th state. Boltz-
mann constant plays a vital role in connecting the microscopic and
macroscopic worlds in physics, and we can find S, in the context
of statistical physics,

S = Scarnot - _kBSstatistical - _kB Zpl 10g2 Pi, (23)
=1

where kg is, 1.380649 x 10%3 J K1,

2.1.3 Entropy or temperature, which one is more fundamental?

The temperature is defined based on entropy and vice versa. Actually,
any attempt to define them independently is like the expression ”cart
before the horse”. It is convenient for our purpose to define temper-
ature based on entropy. Temperature is the change in entropy
of the system if we add one bit of information to it (and vice
versa to define entropy). Thus for one bit of information,

dE =T. (2.4)

2.1.4 Liouville’s theorem

Liouville’s theorem states that volume in phase space is conserved over
the evolution of a uniform probability distribution, i.e., the number

12
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of states is conserved. Figure 2.2 illustrates that the label (X, P) of
every point changes but the volume is conserved.

Figure 2.2: vy and vy are volumes of phase space which are the same

2.1.5 Poincaré recurrence theorem

Classical version

The classical version? of the Poincaré recurrence theorem states that
the evolution of trajectory of an isolated and finite system which is
labeled by (p,q) in the phase space, is quasi-periodic. For a sufficiently
long time, the phase space point will continuously recur with a high
accuracy [3].

Here, we going to use a simple example to demystify this theorem.
One can find the mathematical description of the aforementioned the-
ory in Ref.[4]. We know in the case of an ideal gas contained in a
box, the volume of phase space is proportional to the volume of the
box to the power of a number of molecules.> Thus, let us ignore some
constant factors and consider a phase space where the volume of the
phase space is V(where N is the total number of molecules) and a
tiny sub-region of that with volume v" (see Figure 2.3). Actually, the
small region is a place that is odd to be likely. In other words, the
situation where all molecules gather in a small sub-region is very rare.
The percentage of the time you would expect the phase point to be in
the small region is,

2There is some ambiguity in who first proposed this idea: due to the so-called ” Boltzmann brain” argument some
of the community think Boltzmann was the first one who proposed this notion.
3For more detail see Chapter 5 in [2].

13
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UN

i
By physical intuition, it is clear after an extremely long period of time
it will happen whether it is rare to be likely.

(2.5)

The volume of the phase
A small region of the phase space V¥

space with volume vV
PN
- \\
- — “\\
“
v .,

Figure 2.3: vy and vy are the volume of phase space which are the same

As an interesting fact, based on our definition of entropy in 2.1.2 the
logarithm of a volume in the phase space is the entropy of that small

region. So we can rewrite (2.5) as a function of entropy,
N

v _
W = € S. (26)

Quantum version

For a quantum mechanical system with discrete energy eigenvalues,
during the evolution of the system, every state will see its initial value
in a finite amount of time (this is also valid for values of observable).
The proof is given in Ref. [5].

2.1.6 A little bit! information theory

In 1867, James Clerk Maxwell (1831-1879) came up with an interest-
ing puzzle via a thought experiment which is now called Maxwell’s
Demon. This puzzle is solved by a combination of information theory
and entropy. The Maxwell demon is a clever example to illustrate

14
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the connection between entropy and information.*In the next step, we
are going provide a brief review of some essentials of the information
theory. For many more details see for example [7].

Classical information theory and Shannon entropy

How to quantify the definition of information? Claude Shannon (1916-2001)
was the first person who tried to answer this question[8]. He found
that in the absence of any prior information, the greater the proba-
bility of the statement, the less the information content of the state-
ment. Roughly speaking, we are trying to quantify the measure of
ignorance or the amount of uncertainty we have about a quantity
prior to the measuring process. For instance, "maybe tomorrow will
rain” has more content of information in comparison with ”tomorrow
will rain”. Plus, it is natural to assume that information content is
additive. Thus, based on the aforementioned, the information content
of a statement which is denoted by () is defined by

Q = —k logP, (2.7)

where P is the probability of the statement and k is a positive constant.
In some way, the information content is measured by logarithmic unit,
and it is convenient to measure that in bits which is logs.

We are able to develop this idea to find the Shannon entropy or the
average information S which is given by

S=(Q) = Z Qipi = —kzpz' log, pi, (2.8)

where Q; = —k > _log, p; is a set of the information content of state-
ments with probability P. Here, there is a very interesting point, take
k = kp in equation 2.8, yes! It is equation 2.3. Now lock at 2.1.3
subsection, we defined entropy in the context of information and ther-
modynamics. Actually, Rolf Landauer (1927-1999) was the first one
who pointed out that information itself is a physical quantity.

Quantum information

The notion of information can be extended to quantum mechanical
systems. In the previous section, we deduced that in a classical system,
entropy and probability are strongly connected. Based on statistical

4For details see chapter 14,15 in[6].
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quantum mechanics, density matrix® is associated with probabilities
of the outcomes of any measurement performed upon the system.
Consider a quantum system that has a number of states |¥;) with
probability p;. The density matrix p; for the system is defined by

Pi = ZPJ‘EM‘I’Z\ (2.9)

One can show that the expectation value (fl) of a quantum mechanical
operator A is equal to

(A) = Tr[Ap). (2.10)

Note that, for a system with a Hamiltonian H, that has energy eigen-
values F;: In thermal equilibrium at temperature 7', partition func-
tion of a system which is represented by z is defined as follows:

Z = Trle "™, (2.11)

and the thermal density matrix p;, is

Pth = Z e PE:

7

U (| = e P, (2.12)

where 5 = kBLT . A good discussion about the concept of the thermal
density matrix is given in chapter 14 of Ref. [10]. We then replace
probabilities with density matrices and take K = 1. Thus for a quan-
tum system, the average information or entropy is

S(p) = (=log p) = =Tr|p log p]. (2.13)

It is called Von Neumann entropy. As a interesting fact if the eigen-
values of p are \;, then the Von Neumann entropy coincide with the
Shannon entropy,

S(p) == Ai logh;. (2.14)

5Reference [9] is an excellent elementary book that deals with the basics of quantum information and quantum
statistical mechanics.
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2.2 Black Holes

After purposing general relativity by Albert Einstein(1879-1955), Karl
Schwarzschild (1873-1916) found a spherically symmetric vacuum so-
lution of the Einstein equation which indicates the existence of black
holes. But unfortunately, almost nobody accepted that idea for decades.
David Ritz Finkelstein(1929-2016) went through the subject. He was
the first theoretical physicist who showed that the horizons of a black
hole is not singular surfaces. His work influenced the decisions of Lev
Davidovich Landau(1908-1968), Roger Penrose(1931-now), and John
Archibald Wheeler(1911-2008) to accept the physical existence of the
event horizons and the black hole.

Black holes are astonishing, they play a crucial role in theoreti-
cal physics. Black holes provide a context in which one can study
some underline conflicts in theoretical physics arising due to the in-
consistency of quantum mechanics and general relativity. Classically,
a black hole can be characterized by its mass, charge, and angular
momentum. In this section, we will examine some aspects of black
holes and some useful mathematical tools to study them. A detailed
argument is given in 7 Refs. [11], [12] and [13] for advanced topics.

2.2.1 Simplest black hole

Imagine a black hole® with mass M which is static and spherically
symmetric. The solution of vacuum field equations outside the black
hole is the Schwarzschild metric,

2MG
rc?

2MG

2,9 2
At =ds? = —(1—
codr s ( -

)dt* 4 (1 Y rdr? +r2dQ?, (2.15)

where dQ? = df? +r2d¢?, and G is Newtonian constant of gravitation.
It would be convenient to take ¢ = 1. For this spherical coordinate,
equation 2.15, the point r, = 2G M calls horizon. The metric at the
horizon seems to be singular because, at this point, the coefficient of
dr blows up. But r, = 2GM is not a true singularity and can be
fixed by changing the coordinate system. On other hand, there is a
real singularity that exists at » = 0. To distinguish between a real
singularity and coordinate singularity one can use the famous scalar

6There is a biography of Finkelstein by Leonard Susskind here: ”https://www.davidritzfinkelstein.com /blackholes.html”
"In the future version, I will add a short review of GR.
8we will come through the formation of black holes.
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Kretschmann, which is defined as

B 127721

UV po
R R, =

o (2.16)

where R*?? is Riemann curvature tensor. So, the Kretschmann scalar
tells us the real singular point is » = 0. Figure 2.4 illustrates schemat-
ically the event horizon.

r=2MG

Event horizon

Singularety

Figure 2.4: Event horizon

2.2.2 The nature of horizon

Schwarzschild black hole and it is horizon property are so generic
because it is a very good approximation of other models. The event
horizon is a locus of powerful gravitation. If something approaches
this circular line, there will be no return even for a light ray! (and so
any kind of information!?) Roger Penrose did a great deal of work on
horizon and singularities in the context of classical general relativity
for details [14]. The singularity of a black hole without the horizon
is called a naked singularity. Penrose and Stephen Hawking (1942-
2018) conjectured that in the classical context, naked singularities do
not exist. In a quantum mechanical regime, naked singularities might
exist, thus it depends on the theory. More information can be found
in [15].

18
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Falling into the black hole

Let us imagine an infalling observer near the horizon of the Schwarzschild
black hole. In Figure 2.5°, an infalling observer sends signals to a dis-
tant Schwarzschild observer. For simplicity, we illustrate a black hole
as a cylinder and the signals connect the observable causally ( based
on special relativity light cones).

b

¢ = Signal
originating
near horizon -

p

c d .~
—— g
.-r"
#d = Signal
 from infalling .

to distant

il Black
Hole

a = distant
observer

b = infalling
observer h

Figure 2.5: Event horizon

Now we are going to write down the principle of least action for an
observable that is falling into the black hole radially. The metric and
the action are:

dr — \/(1 _ MGy e MG e (2.17)

r r
A= —m/dT, (2.18)

where m is the mass of infalling observable and take ¢ = 1. Using 2.17
and 2.1 yields

9This figure is adapted from [1]
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A=—m [ y(1— Gy 4 (1 20 )1y

rc?

So the Lagrangian is

- \/(1 MG o o MG, (2.19)

re rc2

where 7 is the radial velocity. Now we can find the conjugate momen-
tum for r and find the Hamiltonian,

(1_M

\/(1 _ 2]\7{6‘) . (1_12MG )7;2

T

m

H:

(2.20)

Because of the conservation of energy. the Hamiltonian does not
change with time. Thus, the Hamiltonian is the total energy of the
system and is constant, and we take this constant £/. Now we can
rewrite the equation of 2.20 approximately in the form :

IMG ., (1 —2LE)3

-2 2 r
~ (1— — : 2.21
Pr(l- P - (221)

Evidently, very close to the horizon when r — 2M G, we have:
r—2MG

S —— 2.22
' 2MG (2.22)

This is telling us, as the particle falls toward the Schwarzschild,
its velocity gets smaller and smaller instead of accelerating.
Briefly, r — 2MG = 7 — 0 . This result is valid for a light ray
because:

dr? =0 = (1 — 2LE)qt? + (1 — 2MC) g2

(1 — 2MEY2q¢% = dr?

2MG
1 — 2ME

P =
So again, r — 2MG = 7 — 0.

2.2.3 The conflict between Alice and Bob is near the horizon!

First of all, we introduce the hyperbolic coordinate to find the roots of
marital problems! between Alice and Bob. By analogy with a circular
motion in polar coordinates, we can define some hyperbolic trajectory

20
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with uniform acceleration. We will show that the near horizon can be
described by the Minkowski spacetime as a good approximation. By
changing the coordinate we are able to find the hyperbolic coordinate,

X =r cosh(w)
T = r sinh(w)

For every fixed r, there is a hyperbolic curve that is associated with
uniform acceleration. Finally, the metric of this flat space is,

ds* = —p*dw? + dp* (2.23)

}:>X2—T2:7“2.

=

4

Figure 2.6: Hyperbolic coordinate

As we mentioned near horizon is roughly flat!®, Thus we can de-
scribe black holes in the context of hyperbolic coordinates. In Figure
2.7 the spacetime is divided into four regions by two blue lines, the

10But for tiny black holes, it is not valid, we will come to that.
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region [ is called near the horizon.

T

&

II Fa

I PN [ horizon
- atr=2MG

Figure 2.7: Hyperbolic coordinate and the horizon

Imagine Bob decided to hit the horizon and Alice in a frame with
uniform acceleration is trying to send a message as fast as possible.
Thus Alice uses light rays. See Figure 2.8, the light rays because of
the causal structure are in the shape of 45 degrees light cone. Let
us examine how Alice sees Bob. In Figure 2.8 at point S, they sep-
arate from each other. Alice to see Bob has to look at the past and
so she never sees Bob cross the horizon because she has to cut
the coordinate axes and it takes an infinite amount of time in Alice’s
coordinate. But for Bob (Bob as a reference frame) the amount of
time it takes to hit the horizon is finite. The final remark is about a
conflict between Alice and Bob stating that Alice never believes any
information went through the horizon, but Bob is negative!

22
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-

Bob
trajectory

Alice
trajectory

Light ray

Figure 2.8: Conflict between observers near the horizon

2.2.4 Some useful coordinate systems

In this section, we are going to expand our tools to study black holes.

Tortoise coordinate

Remember the Schwrchild metric (equation 2.15), By changing the
coordinate as will next be explained, can take the radial-time part of
the metric conformally flat''. We define the tortoise coordinate 7,

1_;2&&”2 =1~ 2]\fG)(dr*)Q = F(r)(dr+)? (2.24)
dr’ = (1 - %)W — (dr)*] — r*dQ2”. (2.25)

11In conformal flat space, the metric is found in the form dr? = (z)dx*dx¥ 1y, where ny, is the Minkowski

metric. We are interested in this kind of transformation because it preserve the causal structure of spacetime.
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The integration of equation 2.24 gives us the rx,

r—2MG
2MG )

Note that when r — 2MG = rx — —oo. So, by this coordinate

change, we map the horizon to the minus infinity. Actually, because

of that fact, Tortoise takes an infinite amount of time to approach the
horizon! it is called the Tortoise coordinate.

r« =1+ 2MGlog ( (2.26)

Rindler coordinate (Rindler space)

Here, we are going to invent a new coordinate to study the near hori-
zon. In Figure 2.9 the proper distance from the horizon is shown by

p.

r=0 r= 1,=2MG

(real singularity) horizon

Figure 2.9: Near horizon proper distance

Let us do the calculation,

p= /2MG Vg (P dr! = /2;\4(;\/(1 — 2]\7{G)dr’ (2.27)

r

= —2M 2MG sinh™ 1 —1). 2.2
Vr(r G) + 2MG sinh™1( SN ) (2.28)
By rewriting the metric in terms of p and t, we have
2MG
dr® = (1 — o) )dt* — dp* — r*(p)dQ. (2.29)
r(p

Near the horizon, equation 2.28 give us p approximately,

dp(r) 2MG

dr ' r—2MG

24
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pr2/2MG(r — 2MG). (2.30)
So,
dr? = p2(i)2 —dp* — r*(p)dP°. (2.31)
AMG

For a small angular region of the horizon that we are interested in, it
can be replaced by Cartesian coordinates

dX = 2MGdO cos¢p — 2M GO sing do

. (2.32)
dY =2MGdO sing + 2M GO cos¢p do.
In the last stage, we define a dimensionless time w,
w=—"_ (2.33)
4AMGT '
Finally, the metric is,
dr = p*dw® — dp* — d* — dy*. (2.34)

Now, we can compare that metric with equation 2.23 to understand
this is a flat spacetime in hyperbolic coordinates. Actually, by taking
T = p sinhw and Z = p coshw,

dr = dT?* — dZ* — dX* — dY?*. (2.35)

Note that we prove that the Minkowski spacetime is a very good ap-
proximation of the near horizon region.

when we go far from the horizon of a black hole the geometry will
change as shown in Figure 2.10. Thus, when you are near the horizon
the distance in omega(p®dw) depends on p. But when you are far
away, it does not depend on p. The main message here is that this is
a curved space with curvature near the horizon. So, the curvature
at the tip of the cigar gets less when the mass is bigger.
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ds? = 16 G2M? d6? + dp 2

; Far fromthe horizon

ds? = pdB? +dp ?

Mear the horizon
(Rindler spacetime)

Figure 2.10: Cigar of the near horizon

Kruskal-Szekeres coordinate

Based on recent subsections, we can bring the metric of the black hole
to this form:

dr* = F(R)[R*dw — dR?| — r*dw* (2.36)

By comparing with equation 2.15 which is the original Schwarzschild
metric, we get:

2MG
R?*F(R) = 16 M*G*[1 — ],
2 ;" 2 (2.37)
Finally, from 2.37 we get

R r—2MG

AMG lOgM—G =1r+2MG log (W) =7rx. (2.38)
So,
R= MG eaxp (—) (2.39)
= exp (i) :

R and w can be radial parts of flat space in a hyperbolic coordinate.
Let us define
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Re" =V
B (2.40)
Re ™ = —U.

Evidently,

dV =dR e“ + dw Re" B ) 5 o

“dU = dR ¢ — dw Re—* } = dUdV = —(dR* — R°dw*). (2.41)
The relationship of 7" and X in the Minkowski spacetime with V' and
U is,

X = Rcoshw=V —-U
, (2.42)
T = R sinhw =V + U.

Based on 2.41 we have the radial-time part of the metric in this form:

dr? = F(R)dUdV. (2.43)

The coordinate of (V,U) is shown in Figure 2.11'2) in this diagram
region [is called the near horizon, and every observer which is in this
region, because of the 45 degree light cones never cut H~ (it is called
extended past) and it will cut H (it is called future horizon). Region
IT is behind the horizon when the observer passes H™, r is shrinking
and when r goes zero it hits the singularity:.

121 used the TikZ.net package to draw the picture.
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~ 3
Il

Figure 2.11: Kruskal-Szekeres coordinate

2.2.5 Carter—Penrose diagrams

When the geometry of spacetime has rotational symmetry (or spher-
ical symmetry) which means that the same in every direction it is
convenient to use Carter—Penrose diagrams. In this system we do not
care about angles, what we care about is how things vary as we move
away from the center(the radial direction). We going to compactify
an infinite two-dimensional geometry of spacetime on the finite plane.
Maybe before starting, we should ask how it could be possible. we
owe Georg Cantor(1845-1918) one! This genius mathematician by a
simple argument proved that always we can put an infinity between
two real numbers (Cantor’s diagonal argument).

Here, we going to do a new coordinate change in the two-dimensional
surface of fixed angular coordinates. Our new coordinate is defined as
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follows which is shown in Figure 2.12,

T+R=T"
) (2.44)
T—R=1T".
T T+
* ! 7
s 4 o — i~ 3] /__/
N o T T
., o —
\\\ // t=3
. ///
. /
\‘\\ yd t=2
™, rd
\\\ //,/
\\\ ,// t=1
Py //
o s
N P
7 t=0

Figure 2.12: Light cone coordinate

Finally, we use this transformation to map the entire infinite spacetime
region —oo < T < 400,0 < r < +o00 to a finite portion of the plane
as follows:

Y* = F(T") = tanh(T™)

Y™ =F(T) =tanh(T"). (2.45)

Thus, we compactify the spacetime as shown in Figure 2.14, and
the diagram with more detail is shown in Figure 2.1313.

131 used the TikZ.net package to draw the picture.
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Ta future timelike
infinity (¢7)
+7/2 Kt = 400

L

future lightlike
infinity (.#1)

t=3
t=2
t=1 spacelike
infinity ()
— . r = +4oc
= - R
S T2

»
r=1
r=2
m3

i = constant
7 = constant

past lightlike
infinity (. )

= —x

past timelike
infinity (i)

Figure 2.13: Compacted spacetime between Y+ and Y ~, more detail

It is practical to bring Kruskal-Szekere

diagrams in the form of

Carter—Penrose diagram, and so we will have Figure 2.15.

As an interesting fact regions, I11 and IV together can be another
kind of black hole that is connected to the black hole in regions I and
IT by a wormhole. Wormholes were not interesting to the physicist

for decades because they seemed to be unr

eal. Nevertheless, Lenord

Susskind(1940-now) and Juan Maldacena(1968-now) propose a revo-

lutionary idea on how to use wormhole and

entanglement to make the

connection between Quantum mechanics and general relativity [16].

141 used the TikZ.net package to draw the picture.
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|
iy
1l
+
o
Figure 2.14: Compacted spacetime between Y+ and Y~
it future singularity r = 0 it

past singularity r = 0 i

i

Figure 2.15: Extended Penrose diagram for Schwarzschild black hole.
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2.2.6 Formation of black holes

From classical gravity (Newtonian gravity), we know the interior of a
shell of mass of matter is like flat spacetime, and the exterior looks like
Schwarzschild black hole!®. Based on Birkhoff’s theorem this theory
is true in general relativity. The simplest model of the formation of
black holes is the collapsing spherical shell of massless matter (like
photons).

Now we going to see how is empty spacetime with in coming shell
of radiation, in the Penrose diagram (see Figure 2.16).

4 s of Hereisnot
s eim{‘ flat spacetime
Tils pa ne 5“9'1
oft A
1
\
'
J
.l'/.- ’ \l'
f A
Constant time(t) | |J— g
e _‘,,-""' &
- , %, B
K
M o
- #e
\\ Q_'{? s
\ Q. -
\ () /
v “ I
L ogeriof 4
L part s
THSF S tne S ac etime
Flat sP

Figure 2.16: Shell of radiation, in the Penrose diagram.

Region A in Figure 2.16 is not flat spacetime. On the other hand,
the Penrose diagram was made for flat spacetime. Thus, we have to
replace region A with a part of the Schwarzschild black hole which is
region C (the green region) in Figure 2.17. By this replacement, we
will find Figure 2.18.

15The proof and details can be found in chapter 5 in [17]
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In coming

radiation
1 r=20

Figure 2.17: Shell of radiation, in the whole of Penrose diagram.

goriz®"

Figure 2.18: The geometry of a black hole that is formed by an infalling shell
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2.3 Holography and Black Holes Thermodynamics

Up to now, we have reviewed some properties of the horizon. Now,
it is time to go through the subject of black holes in the context of
thermodynamics. Jacob Bekenstein (1947-2015) and Stephen Hawk-
ing proposed an idea due to the assumption of the black hole as a
black-body, and it follows that defines black-body radiation, entropy,
and temperature for black holes.

2.3.1 Entropy of a black hole

Here to derive the entropy of a black hole which is called Bekenstein-
Hawking entropy [18], we going to drop in bits of information to form
a black hole. First of all, we need to define our fundamental units
of information bits. The process is asking did the photon go in or
not, actually, every bit is the answer to a yes-no question. We get
the wavelength of a photon is equal to Schwarzschild radiance. Thus,
because of the uncertainty, principle every photon represents one bet
of information and we have:

_ 2MG
e (2.46)
E = pc,

A

where, E, and p are the wavelength, energy, and momentum of a
photon. Plus, we take the radiance of spherical coordinate one(r = 1).
Form quantum mechanics p = % and so £ = % In subsection 2.1.3
we mentioned the temperature is the change in entropy of systems if
you add one bit of information. On the other hand the E = M¢?, it

follows that:

3
M =S
oM =53G
or (2.47)
ch
M_
0 OMG’

This is the minimum change in the mass when you add one bit of
information. We know Ry = R = Q%G or 0R = 2GC§M , Using equation
2.47, finally, we obtain

SR — 2RsR — 2N _ §A, (2.48)

03
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where A is the horizon area. Thus, the entropy of a black hole is

A2 A
= oh T (2.49)
where BH is Bekenstein—-Hawking and A is the horizon are in Planck

unit. The horizon area is A = 47 R? = %jw it follows that

B he?
- 8rkgGM’

where T’ is called the Hawking radiation temperature.

T (2.50)

2.3.2 Luminosity of the black holes

The Stefan—Boltzmann law for black holes as an ideal black-body is

— Cil—f = AT?, (2.51)

where —‘ﬁl—]f is the energy that is emitted per time. By taking ¢ = G =

h = 1 we obtain
dM

— —— = AT" ~ R*T" 2.52
dt S ) ( )
and T =~ Ris ~ 57, thus
dM
—M*— =1
dt
or (2.53)
dm?
-~ 17
dt

where it indicates that the cube mass of black holes is propor-
tional to the evaporation time.

2.3.3 Sting theory and black holes

In this section, I will focus on the transition between string and black
holes 1°. This section is based on [20] by Leonard Suskind and one of
his lectures'” at Stanford. Recent developments and technical issues
can be found in [21]. Plus, I explain some fundamental notions in the
string theory which are necessary, a complete description can be found
in Ref [22].

16For a review of black holes in the context of string theory see Ref [19]
IThttps://theoreticalminimum.com/courses/cosmology-and- black-holes/2011/winter
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We can start with this question: ”What the microscopic objects are
that carry the entropy of the black hole based on string theory? ”.

The unit of length that is important for the structure of string
theory is different than the unit of length that is important to the
structure of gravity. Note that we take c =h = 1.

Gravitational length

The gravitational length is Planck length:

ZW:¢§§:V5. (2.54)

Consider a typical string and heat it up. Thus it will wiggle all over the
place (Figure 2.19). But, the size of the wiggles would be a particular
characteristic size scale. The wiggles were never on a smaller
than the string length scale.

String

[
7 | 1
| _—l——f-—‘/ \
] T \I ~
| | | - !
| -/
| Vs ey,
| | f | f—
[N >
)
\ '. | \_,4/
RN >
J/ LA
! > AR
N, \’..' . |"
™, /""'\-_‘ “ .
y o B
v , | _f’\

Figure 2.19: Heated string

String coupling constant

The string coupling constant is the probability that if a string crosses
itself, it breaks (Figure2.20). Also, it is the amplitude for oscillating,
whatever it is doing to emit a graviton.

The Newton constant and string coupling, g, are related by,

FL=aG. (2.55)
So,
gL="r, (2.56)
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Where [, is the length of the string.

Figure 2.20: Breaking a string

Free string entropy

8
A R

A
G G 2 "

First of all, the entropy of a black hole, based on our new units is'

SpH

(2.57)

Now, we are going to use a crude but effective model to estimate
vibrating string entropy. Consider a big tangled mass, the entropy of
that is the number of configurations that are hard to tell apart.

First, oversimplify the space as some piece of lattice, and create
strings by connecting parts as shown in Figure 2.21.

A string

s

Figure 2.21: Depict the excited string as a closed random walk on a lattice in the plane.

-

L

Every link in Figure 2.21 has four configurations in every step of
the random walk to create a sting. Thus all of the possible string

18We will come to that why ignore the numerical constant factor (1/4) on the entropy of a black hole.
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configurations for a string with n link are:

4x---x4=4"
W
n-times

So, the order of magnitude of the string entropy is
Sy =log, 2*" =~ n

, and if the length of string is L, so L = nly, it follows that
St = l£ (2.58)
We have for the mass of every link:
Miink = ll’

S

so the mass of the hole string is:

n L
My=—==.
T

We can rewrite the entropy of the string as follows:
Sst = ls M. (2.59)
But we had Sy = M?G. Thus, we have to change Sg!

A crude model

Let us consider an excited (ball of) string that is shrinking. In other
words, g is varied, and in the following way which is shown in Fig 2.22
the ball of mass can be a black hole:

Py "r// . )': '| ™ Horizon which s
AT A 1 * relative to the

(<) _f;{r,.f string length scale

] | — .

\‘J-L.b l\ (.f ."llr ."r N

[ rL ral

Y At

1<g<0
g=0

Figure 2.22: Create a black hole by Varying g.

We define the transition point as the point of separation between
the ball of string and the black hole, the transition is happening when
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R, = [,. If the Schwarzschild black hole radius is smaller than the little
loops of string (around the black hole) it does not mean anything to
say it is a black hole.

Ry=1,= M =1,
Thus, in the transition point, we have:
Mgl =1, = Mgl = 1. (2.60)

To create a black hole, we can turn it into one string, two strings,
etc. But we know that the overwhelming majority of configurations is
a single string (the maximum entropy). Plus, the process of creating a
black hole can be done slowly. In other words, the process is adiabatic
invariant and the entropy does not change. The entropy of a black
hole sting depends on the mass but is not dimensionless, so we can
write:

S =F(M,1,)=F(Mgl,), (2.61)

where F' is just a generic function.

Consider a black hole with M, and gy. As we decrease g the negative
gravitational energy disappears, so the mass of strings increases. On
the other hand, the entropy of the system is invariant and because [

is fixed, we have:
Mogo = Mg, (2.62)

where M; and ¢g; are amounts of ¢ and M after a finite amount of
time in the adiabatic process.

We can plot equations 2.61 and 2.62 as shown in Figure 2.23 19,
Now, we want to find the intersection point(*) of two curves in Figure
2.23, so we have:

M*g* = Mog()
2 1

S

} = M = M3gil,.
So
M,l, = MZgil,,

it follows that
M, = MGy = S, = Sp. (2.63)

Thus, we showed the entropy of a black hole is the same as men-
tioned in equation 2.57. But it was not powerful enough to

19Note that the asymptotic behavior of two curves needs correction, but for our purpose, it can be ignored.
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Figure 2.23: .
The red curve is the transition line between the black hole and the string.
The blue curve is the line which all along that entropy is constant.

determine the numerical constant factor (1). To derive the nu-
merical factor we provide a very mathematically sophisticated version
that had a great deal of symmetry, etc.

2.3.4 Holographic principle

The holographic principle is an implication of the debate about infor-
mation loss in black holes?®. The proposal of the holographic principle
is referred to by Suskind and Hooft in these two famous papers, [25],
and [26]. The review of the holographic principle in reference [18] is
very interesting because the author attempts to cover various issues
on the subject.

Here, the right question is not ”What is the entropy of a system?”,
the question is, ”What is the maximum entropy that a system can
have?”.

Thus, the notion is the maximum entropy. The maximum entropy
is infinite for many mathematical systems. consider a simple system
which can be described as a system that is built out of qubits. A qubit
is a yes/no description (actually it is a quantum bit). We could take

208ee for example, [23], and [24].
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a room as our sample space, we could subdivide it into cells to make
a cubic lattice out of it. Let us simplify the discussion and suppose
everything in the room was made out of one kind of atom?'. We are
going to subdivide the room into a large number of cells. Each cell is
about as big as one atom. The only question that we can ask about a
cell is, is there an atom in it or not? We can make up a lot of different
kinds of configuration atoms. The number of configurations that we
can make is clearly 2V/Vatom, where V' and V,,, are the total volume of
the sample space and the volume of a cell.
Thus, the maximum entropy of the system, S,,,:, is

Sitas = log 2Vatom . (2.64)

Smaz 18 proportional to the volume, so it is proportional to the number
of the basic description of the system which is called the number of
degrees of freedom.

The statement maximum entropy is proportional to the volume is
one of the very general features of nature [1].

Based on the holographic principle, For an incoming shell of mass or
radiation that is forming a black hole, the entropy of this system can
not be more than black hole entropy in comparison with every possible
configuration of the system. This is illustrated in Figure 2.24.

In other words, the number of degrees of freedom of a region of
space and everything that can be described in a region of space is no
bigger than the area of the bounding surface of that region measured
in the plunk unit.

Also, the holographic principle can be stated, Any region of space
can be described by the collection of degrees of freedom which
are one per Planck area on the boundary of the region[l1].

21Note that this is an oversimplified model.
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Incoming shell
of radiation
— Si, M;

o Black hole
S My

Figure 2.24: Here M; < My, S; < Sy, and Sy = Syaz = % > S;.
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Chapter 3

AdS/CFT and Critical
Phenomena

3.1 AdS/CFT Correspondence

In this section, I am going to underline an elementary description of
the "anti-de Sitter/conformal field theory correspondence” as prepa-
ration to use the application of this duality. A intricate review can be

found, for instance see [27], [28], [29], [30], and [31].

3.1.1 A qualitative description of AdS/CFT

The AdS/CFT correspondence was first proposed by Juan Maldacena
[32]. This paper is the most highly cited in theoretical physics. So, it
is clear the paper is so important, see Figure 3.1'.

Figure 3.1: The AdS/CFT duality spans all physics arXivs!

IThe figure is adapted from [31].
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In chapter 2, we mentioned that based on the holographic principle
there is a relationship between the degrees of freedom of the system
in the bulk and boundary of the system. One of the implications
of the holographic framework which comes out of string/M-theory is
AdS/CFT. Thus there should be a correspondence between the bulk
and boundary of the system. One piece of the puzzle that is associated
with the bulk is AdS space in five dimensions. The last piece of the
puzzle is conformal field theory which is associated with the boundary.
Actually, the duality is between two theories:

1) Five-dimensional gravity.
2) Super Yang-Mills theory defined on the boundary.

Where Super Yang-Mills is a theory of particle interaction with su-
persymmetry.

Thus, the Yang-Mills theory can be colloquially thought of
as a hologram on the boundary of the real five-dimensional
space where the five-dimensional gravitational physics is tak-
ing place[33].

3.1.2 AdS space

Normally, it does not mean having a ball-like region with a boundary
in general relativity. But,Anti-de Sitter space is a ball-like space
with a negative cosmological constant. Thus, AdS is a suitable
framework to study the Holographic principle and its implications.

We are interested in a particular AdS, AdS(5) ® S(5) (see Ref [34]
and [35]). It is a 10-dimensional product and it has two factors, which
one is the 5-dimensional AdS, and another one is a 5-sphere 2. By
bending some of the direction of space into compact manifolds it be-
comes possible to have a cosmological constant in supergravity theory,
Because supergravity theories in the context of string theory, generally
do not have a cosmological constant [1].

Consider an AdS in which a solid 4-dimensional spatial ball times
the infinite time axis. The geometry is described by this metric:

2

=

dr? = 1+ 72)2dt? — 4dr? — 4r2dQ?}, (3.1)

where 7 is radial coordinate (0 < r < 1), ¢ is time, € is the unit

2The main reason for the existence of the 5-dimensional is mathematical perception.

44



3.1. ADS/CFT CORRESPONDENCHAPTER 3. ADS/CFT AND CRITICAL PHENOMENA

3-sphere, and R is the radius of curvature (geometry has uniform
curvature R~?). The metric can be written in this form:

R? o
dr? = ?{dtQ — dx'ds’ — dy*}, (3.2)

where ¢ varies from 1 to 3.
The metric 3.2 is the exact metric of an incomplete patch of AdS
space, and the metric has a horizon at y = oo.

By change of coordinate (z = é), we can rewrite metric 3.2,

o 1
dr* = R? {%(d# — dx'dx") — ﬁdzﬁ} . (3.3)
We can create AdS(5) ® S(5) by adding this term to the metric:

dsi = R*dws, (3.4)

where ws is the metric of the unit 5-sphere.

3.1.3 Holography in AdS space

Consider AdS(5) ® S(5) as the bulk space and the 4-dimensional
boundary of AdS at y = 0 which is the boundary. Based on the
Holographic principle, we can describe everything in the bulk by a
theory on the boundary. But, the boundary theory has no more than
1 degree of freedom per plunk.

Metric 3.2 has a "dilatation” symmetry,

t— At
b — M\t
Yy — A\y.

Plus, the full symmetry group of AdS(5) is the group O(4|2) and there
is the symmetry O(6) associated with the rotation of the internal 5-
sphere.

Because of the symmetry, a holographic boundary theory is invari-
ant under the conformal group. On the other hand, the boundary
has an infinite density of degree of freedom. Thus, the holographic
theory is a Conformal Quantum Field Theory. The additional
symmetry of space is the so-called N/ = 4 supersymmetry. All of
this leads us to the remarkable conclusion that quantum gravity in
AdS(5) ® S(5) can be described by a superconformal Lorentz invari-
ant quantum field theory associated with the AdS boundary [1].
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3.2 Ads/CFT and Critical phenomena

Physics of critical phenomena describes a wide range of phase tran-
sition, superconductivity, and some interesting issues in Condensed
matter physics. One of the main purposes of this thesis is to take
advantage of Ads/CFT to derive the scaling behavior of order param-
eters near a critical point of conductivity in a Weyl semimetal [36].
A couple of years after the publication of the famous paper of Mal-
dacena [32], physicists discovered some holographic models to describe

some phenomena in the condensed matter and statistical physics 3.

3.2.1 Quantum phases

The classical solid, liquid, and gaseous phases involve different con-
figurations of atoms or molecules, governed by temperature [42]. By
quantum mechanics, we can discover some quantum phases that are
associated with statistical mechanics and some principles like the Pauli
exclusion principle. These quantum phases are summarized in Figure
3.2 and Figure 3.3 which are adapted from Ref. [42].

Quantum Phases Metals conduct electricity readily. Their electrons
hopscotch from atom to atom, and if the atoms provide enough sites for the
electrons to occupy, the electrons move freely, as if in a gas. Quantum effects limit
the number of electrons that can have a given amount of energy.

Insulators scarcely conduct electricity at all. The atoms do not provide enough
vacancies for the itinerant electrons, so electrons remain trapped in place, as if in
a solid. They occupy all the available energy slots.

Superconductors are gases not of electrons but of pairs of electrons that
behave as single particles. The electrons pair up under the effects of quantum spin
or the influence of waves rippling through the atomic substrate. These pairs evade

Conductor (metal)
q

Conducting state

Nonconducting state

Vacant
energy level

-
Electron at F‘IEIFI'TII eﬂell'giyi
aparticular ah‘stales ow
energy level this energy are

occupied when no
voltage is applied

the quantum rules governing electrons. All of them can have the same amount of
energy—lifting the restrictions that trap electrons in place and letting them flow
without electrical resistance.

A spin-density wave (not shown) is a material (sometimes an insulator, sometimes
a superconductor) with a peculiar pattern of electron spins. Half are spinning up, half
down—say, in alternating rows, Sometimes a strange metal—a spin-density wave
taken to extremes—forms [see phase diagram on opposite page). The probability of
each individual electron spinning up or down is 50-50, with no broader patterns.
All the electrons in a strange metal are entangled and behave neither as individual
particles nor even as pairs but as masses of trillions or more particles.

Insulator Superconductor
N q
No vacancies;
no electron flow
Electron pair

Figure 3.2: Quantum phases

3See for instance [37], [38], [39], [40] and [41].
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Distance between Atoms ——»

v

Temperature ——>»

Figure 3.3: strange metal

3.2.2 Holographic DC conductivities from the open string metric

As mentioned the AdS/CFT correspondence is a powerful tool for
studying the dynamics of strongly coupled field theory. One of the
important applications of AdS/CFT is to compute transport coeffi-
cients in the strongly coupled field theory such as various conduc-
tivities [43]. In this thesis, we focus on DC conductivity. In the
context of condensed matter theory, conductivity is particularly inter-
esting in the strange metal phases of heavy fermion compounds and
high-temperature superconductors [43]. We are going to study the
DC conductivity of charge carriers interacting with a strongly coupled
gauge theory.

There are three holographic methods to compute the DC conduc-
tivity[43]:
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(1) the retarded Green’s function method [44].
(2) the membrane paradigm method [45].
(3) the real-action method [37].

In this thesis, we are going to take advantage of the real-action
method.

3.2.3 the real-action method

The real-action method is tailored for DC conductivity. It can be
applied only to probe D-brane systems described by the DBI action
(actually in this method we make the DBI action real). The real-
action method yields a non-linear conductivity while methods (1) and
(2) yield a linear conductivity [43].
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Chapter 4

The Real-Action Method, Chiral
Magnetic Effect, and Weyl
Semimetal

In this chapter, we are going to review quickly Karch-O’Bannon’s
real-action method [37]. Then, using Real-Action Method we study
the Chiral Magnetic Effect, and a Weyl semimetal in the context of
AdS/CFT [46, 47].

4.1 Karch-O’Bannon’s real-action method

This section is a review of Ref.[37].

4.1.1 Metallic AdS/CFT

To study the DC conductivity of charge carriers interacting with a
strongly coupled gauge theory, we use a holographic model which is a
probe brane system. In this model, the charge carriers are represented
by a small number (Ny) of probe D-branes with a non-trivial temporal
world volume gauge field (finite charge density). The strongly-coupled
gauge field dynamics are encoded in a background geometry. By con-
sider a large N.(>> Ny) gauge theory. In other words, we ignore the
back-reactions of probe branes on the geometry.

Consider a linear (non-linear) conductivity which means an electric
field independent (dependent) conductivity. For computing the con-
ductivity we use Dirac-Born-Infield (DBI) for the probe brane. The
DBI action of Dp-brane is

/ &1\ /At (PIG] 1 F).
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where P[G] is the induced metric and F' is the gauge field strength.
If the field E points in the x direction, say, we expect a constant,
nonzero current (J*) and we can define a conductivity o by

(J%) = oE. (4.1)

4.1.2 The prob brane and conductivity

In this subsection, we going to compute conductivity. Note that we
will focus on calculation (shut up and calculate!). Some technical
issues and details can be found in Ref.[37] and [43].
We define the AdS5 metric in Lorentzian signature and in units
where the radius of AdS is one,
dz? 1 (1—2%/z24)?

1
2 _ 2 474N\ 322
ds 22 2 1+ 2424 dt +§(1+Z [25)dT", (4.2)

where 2;11 = 7§T and d2? is the metric of three-dimensional Euclidean

space. The S° metric is
dQ2 = db* 4 sin’ Odrp? + cos? 0dQ3, (4.3)

where dQ)3 is the standard metric for an S® and 6 runs from zero to
/2.

Now we are going to write down the DBI ! for a number N; of
D7-branes filling AdSs and wrapping the S C S°:

SD? = _NfTD7 / dgg\/—det (gab + (2770/)Fab)7 (44)

where Tp7 is the D7-brane tension, £ is its worldvolume coordinates,
gap 1s the induced worldvolume metric and Fj; is the worldvolume U (1)
field strength.

We take an embedding function 6(z) to describe the position of the
S3 on the S° as well as worldvolume gauge fields A;(z) and A, (z,t).
Thus,

Spr = —/\// dzdt cos® 0¢,,

\/lgtt‘gm:gzz - (277—05/)2 <gmjAé(Z)2 + gzzAx(Za t)Q _ ’gtt|A{T(Z7 t)2>7
(4.5)

IWe take Wess-Zumino term zero.
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where g, = 1/22 + (2)%
We take A,(z,t) = —FEt + h(z). Thus, we have conserved charges.
The conserved charge associated with A; is

. 2 N2 :ch/
_ N (@) g, A1(2) .
\/‘gtt’gxmgzz - (2704/)2 (%:CAQ(ZV + gzzAx(Za t)2 - |gtt‘Aé;(Z7 t)2)
(4.6)
The second charge, associated with A,(z,t), is
2 N2 h/
c0S® Gun N (2ma’)?|gu|h' (2) — B

\/‘gtt’gxxgzz - (2770/)2 <gxa:A%(Z)2 + gzzAx(Za t)2 - |gtt‘Aé(Z7 t)2)

(4.7)
Finally, by considering boundary conditions, we can find near the
z = 0 boundary the gauge fields asymptotically approach

1 D

Al =1 5 R T O )
h(z) =b+ %Aﬁf +0(2Y). (4.9)

One can show
(J") = D, (J*) = B. (4.10)

We can write the action in terms of D, B, and F with one dynamical

field 6(z),

gzz(|gtt|gm; - (27@1)2E2)

3 6 | |gt|D?*—gua B2
(9t 92 €O8° + Rz

Spr = —N/dzdt cos’ g2/2| gy |/ (4.11)

For making action in equation 4.11 real, at point z = z, we must

have:
|9tt] g — (270/)°E* = 0 (4.12)
91| D* — g2 B
gt g2 cos®(z,) + N2(27a)? =0 (4.13)

In the end, by using equations 4.12 and 4.13 we will find the con-
ductivity:
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N2N2T? 2
o= \/f— Ve 4+ 1cosb(z,) + (4.14)

162 e2+1’

where
E

VT2’
D Jt

VT2 IVAT?

e =

boln

4.2 Negative Differential Resistivity

Shin Nakamura found an interesting phase transition of current in
the holographic model which we mention in the previous section [48].
In equation 4.11 the action has one dynamical field 6(z). Nakamura
solves the equation of motion for #(z) numerically. The equation of
motion is a second-order differential equation. He takes two initial
conditions to solve this differential equation. First initial condition:
for given Y we compute z,, then we assign 0 < 0(2.) < § and compute
J. Second initial condition: #'(z,) can be found by expanding 6(z,)
around z,.

The transition occurs when the sign of the differential conductivity
reverses. More details can be found in Ref. [48], also This method
examines by turning on a magnetic field in different backgrounds [49],

150].

4.3 Chiral Magnetic Effect

4.3.1 Reviewing of Chiral Magnetic effect from Probe branes hologra-
phy

The probe branes holography is constructed from Ny flavor branes as
a probe in the background of N, color branes. In the duality to the
supergravity limit of this system, the Ny branes are considered as a
fundamental matter and N, branes as a background gauge theory.
Considering D7 branes as probes in D3 branes we have a supersym-
metric QCD-like system as a dual-field theory (see [51] and references
therein).

In the limit N. — oo and for the large 't Hooft coupling, the back-
ground D3-branes are replaced by the extremal supergravity solution
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which is AdSs x S°. This system is dual to N = 4 super Yang-Mills
theory(SU(N,)) in 1 4+ 3 dimension. The near extremal solution of
the D3 brane would be a Schwartzshild-AdS space-time which is dual
to the quantum system at non-zero temperature 2, in the unit of AdS
radius, we choose it with the following coordinates

ds® = —|guldt® + gordT + gredr® + goodt” + goodd” + gssd€3, (4.15)

where

1 1 1,
gt = ﬁf(r)7 Gex = ﬁu Grr = pf <7n>7 (416)

900 = 1, gep = sin? 0, gss= cos’ 0.

In the above, f(r) = (1 —r*/r}) and d©3 is the metric of a unit 3-
sphere(S®). In this choice of coordinates, the boundary of the AdS is
located at » — 0 and the field theory lives in 143 dimension Minkowski
space with coordinates (¢,Z). The r; indicates the location of the
horizon of the black hole and is related to the Hawking temperature,
which is also the temperature of our state in the dual field theory, by

1
T'=—. 4.17
ry ( )
Eq(4.15) will change to AdS5x S®. In this background, we also have

a self-dual R-R five form field Fy = dC; where
Cy = g2, volpis — g2gdo A volgs. (4.18)

Consider the intersection of IV, stack of D3-branes and N; stack of
the D7-branes which embedded in ten dimension space-time as Ta-

ble (4.1),

t
D3 | x
D7 | x

r | S0 ¢
X
x | x

X | X| &8

Table 4.1: D3 — D7 embedding.

The probe limit elaborate Wlth I <« 1 with this assumption the
dynamics of probe D7-branes is glven by the addition of DBI action
and Wess-Zumio term

Sp7 = Sppr + Swz, (4.19)

2 At non-zero temperature fermions and bosons obey different statistics, so in this case, the supersymmetry is
broken explicitly.
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Spir = —N;Thr / Bo/—det (Plgu] + (270 Fu),  (4.20)
1
Swor = +§NfTD7 (2%&')2/]3[(]4] NFNF, (4.21)
where Tpy; = 9 s the D7-brane tension, % is the world vol-

(2m)”
ume coordinates, P[gq] is the induced metric on the probe branes or

pullback of the background metric to the D7-branes, Fy;, is the U(1)
worldvolume field strength, and P[C}] is the pullback of the RR. four-
form to the probe D7-branes.

With the embedding as table(4.1), where the probe D7-branes ex-
tended along AdSs x S?, there is a rotational symmetry in (0, ¢)-plane
which resembles a global axial Us(1) symmetry. We could break the
rotational symmetry by considering § = 0(r). We could relate those
assumptions to the flavor fermionic (quark) sector mass in the dual
theory. We could also simulate the chiral anomaly in the dual field
theory by attributing the angular velocity w to the probe branes by
considering ¢(t,7) = wt + ¢(r) 3. But considering rotating probe
branes with constant angular velocity w the flavor fermion mass would
be a complex quantity |m|e**") [47, 52]. It is shown that in [47] the
time-dependent part of the phase of the complex mass or probe brane
angular velocity leads to the chiral anomaly in the dual field theory.As
pointed out in [47] the angular velocity w is a bulk dual of axial chem-
ical potential p5 in the boundary QFT [47],

W= 2/;. (4.22)

To study the chiral magnetic effect we introduce a constant mag-
netic field B on the probe D7-branes. Also to find out the system’s
response to doing this external field we assume the U(1) gauge field
on the D7-brane as follows,

2’ Fyy = B, 2nd'F,, = 0,A.(r)%. (4.23)

With these assumptions, we can rewrite Sp;. The real condition
of the action coincides with the world-volume horizon of the probe

3The second term, (1), is for avoiding tachyonic instability or in other words the non-zero ¢(r) is for avoiding
the linear velocity of rotating probe branes to exceed the local speed of light, for more details see [47].
4Note that we consider @ = (z,y, 2).
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D7 brane. Following [47] the world-volume horizon r, is given by the
following equations

19u(r)] = goo(r)w? =0 (4.24a)
2 B2 3 3
N1+ gT)’gtt|g¢¢ga::chS

Trr

.=’ (4.24b)

— N Buwgzg(r.) = B (4.24¢)

From the near boundary solution and AdS/CFT correspondence,
we would know that [20],

(J*) = —27d/3 (4.25)
therefore we could observe the chiral magnetic effect
(J*) = 0¥B, (4.26)

where from Eq.(4.23) we recover the magnetic field B of boundary
QFT by 27/B = B and we define oX = (27a/)?>Nwgg(r.) as the
chiral magnetic conductivity(CMC).
The non-zero current means that the magnetic field will turn apart
strings with both ends located on a probe rotating branes similar to
the electric field on the static branes [37]. Therefore the current (J*)
will be produced®. For the mass-less flavor, we have ggg = 1 so the
CMC is determined by chemical axial potential,
oX = ]\; J;T ];70#5.6 (4.27)
We could intemperate the r, as a location of the world-volume hori-
zon which obviously is different from the background horizon. Hence,
we are able to assign an effective temperature in the dual boundary
theory to it, see [54, 55]. It is clear from Eq(4.24a) that for zero an-
gular velocity w we have r, = r; even at the non-zero magnetic field,
see also [52]. In the dual field theory, this statement means that if we
do not have chiral asymmetry between left-handed and right-handed

flavors or zero axial chemical potential p; the magnetic field will not
generate CME. So for the non-zero w, we should deal with other classes
of probe brane embedding which differs from the ME and BE. We call
it Minkowski embedding with (world-volume) horizon(MEH). This is

5The amplitude of pair production from (J?) = 0 to (J?) # 0 due to the external magnetic field in this situation
studied in [53].
6Note that we use (2ma/)? = 27”
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similar to the non-rotating probe branes in the presence of an exter-
nal electric field in which we have a non-zero current for the BH and
MEH embedding. To clarify this statement we do the same numerical
analysis as [48, 49, 50, 56] by solving the following equation

oL d oL

% o

with two boundary condition on the location of world-volume hori-

zon Ty, i.e, O(ry) and 0'(r,). Among the interval 0 < 0(r,) < 7/2, we

select a value for 6(r,). The other condition, §'(r,), obtain by inserting
linear order expansion of 0(r) near r, .i.e.,

O(r) =0(r,) + (r —r)0'(ry) + ... (4.29)

to the Eq.(4.28). With these two initial or boundary conditions, we
solve numerically Eq.(4.28) and from the 2ra/m = lim,_, @ we read
the mass m of the fermion flavors. For the fixed value of magnetic field
B and also fixed background temperature T and angular velocity w,
for a specific value for current J* we could correspond a flavor’s mass.

Finally, we will find the mass-current relation through figure 4.2

) =0, (4.28)

m
0.905 -

0.900|

0.895¢

0.890

. | . . . . | . . . . 1 . . . . | J
0.0005 0.0010 0.0015 0.0020

Figure 4.1: my-J curve for different values of B at T' = 0.31878 and us = 0.05. The maximum
values are located at m,q, = 0.904, 0.901, and 0.898; from top to bottom respectively.

It is clear that for small current regions, we have two currents with
the same mass. This is a signature of the existence of both solutions,
MEH and BE. As it is evident in the figure, there is a maximum
mass where for the criteria m > m,,,, there is no current so we inter-
pret that region as a Minkowski embedding(ME)”. Non-zero current

7So we have numerical insight about the magnitude of % ratio which is discussed before.
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as mentioned means that the string with both ends on the same brane
will tear apart which in the dual theory means the bound between
fermion anti-fermion will break and the system will transit from ME
J = 0to MEH or BH with J # 0. We call the state with non-zero cur-
rent a conducting phase and the zero current state an insulator state
or phase. Or confinement and deconfinement state respectively. Hav-
ing two embedding with non-zero currents or two conducting states
same as metallic AdS/CFT [48, 49, 56]. So, we will continue the next
section to study numerically the CMC for a massive flavor sector.

4.3.2 Results and discussion

As already observed we have two different currents for a fixed mass
in the previous section. So it would be interesting if we fix mass and
explore the behavior of chiral magnetic conductivity by illustrating the
(J — B)’s plot. Unlike the previous cases of studied phase transitions
in the gravity duality, for this chiral magnetic conductivity, we do not
see a phase transition occurring via the parameter uy, which is related
to the Hawking temperature Eq.(4.17). The only active parameter for
a phase transition is the w.

In figure (2), we see a phase transition occurring for our Chiral mag-
netic differential current, with respect to the external field parameter
of B, and w. We also see a second-order continuous phase transition at
w = 1.4, changing to a first-order non-continuous transition, with the
critical value of w. = 1.2 in between. It is noteworthy to mention that
the J-B diagram will have a multi-valued behavior, at some region
of B for the first-order transitions of w < w.. In a physical system,
only the points with the lowest energy are expected to be occurring in
the system. This condition will determine the exact point of the dis-
continuous transition, which will become handy in the determination
of the critical exponents. In the case of metallic AdS/CFT [48, 49,
56, 57]. the study of electric conductivity reveals the negative differ-
ential conductivity(NDC) to positive differential conductivity (PDC)
phase transition. For the chiral conductivity as is clear from figure
(2), by changing the axial chemical potential the structure of phases
will change but we have NDC to NDC phase transition.

Also, We explore other phase transitions. One is a phase transition
which is shown in figure 4.3 us — J for different Values of B. Other
phase transitions and the critical exponents can be found in Ref[58].
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Figure 4.2: B-J curve for different values of s at 7' = 0.31878 and m = 0.902. The Calculated
value of ps. = 0.597.

4.4 Negative Differential Resistivity of a Weyl Semimetal
from AdS/CFT

In the last stage of this thesis, we study the phase transition of cur-
rent in the holographic model of a Weyl Semimetal. This holographic
model is mentioned in Ref.[46].

In this holographic model, the metric and the four-form, C'4 are
given by

2 2 L2
ds? = (90 g pnaz 4 “o(dr? + r2dsts + AR + R2dg?),

=) p
(4.30)
p4 ) L4’l“4 3
Cy = ﬁh (p)dt Ndx Ndy N dz — 7d¢/\w(5 ), (4.31)
where p?> = 1%+ R% g(p) =1 — ’;i{f, and h(p) =1+ %.

Based on Ref. [46], in this background, we can write DBI action in
the following form:

Spr = —N/ drvVh/1 + R’2\/oz(fr’)6(7’) — (), (4.32)

where

,  LAE?
(r2 4 R2)2
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Figure 4.3: J-w curve at T' = 0.31878 and m = 0.902.
L4b2R2 ]g
Br)=r(h+ ———5) =5
(r? + R?) 9
2 472 4,4
P2 h L%  LY%E
(r) = ﬁ(ﬁ + )+ Uy — ﬁ)Q-
(r2+ R?) (r2+ R?)

The action (4.32) has one dynamical field R(r). Thus, we can solve
the equation of motion for R(r) based on the Nakamura method that
we mentioned. The numerical methods and the result will be published
in Ref. [36] which is in progress.
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Appendix A

General relativity

A.1 The Essential Concepts

In this section, we are going to review some necessary materials to
build the theory of general relativity.

A.1.1 Non-orthogonal versus Orthogonal coordinate systems
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Strings and D-branes
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